We propose a unique scheme to construct fully optimized atomic basis sets for density-functional calculations. The shapes of the radial functions are optimized by minimizing the spillage of the wave functions between the atomic orbital calculations and the converged plane wave calculations for dimer systems. The quality of the bases can be systematically improved by increasing the size of the bases within the same framework. The scheme is easy to implement and very flexible. We have done extensive tests of this scheme for wide variety of systems. The results show that the obtained atomic basis sets are very satisfactory for both accuracy and transferability.
I. INTRODUCTION
orbital calculations for dimer systems, and therefore no pre-assumption about the radial functions is needed. The scheme is easy to implement and is very flexible and efficient. We have done extensive tests of this scheme for wide variety of systems. The results are very promising, showing very satisfactory results for both accuracy and transferability.
The rest of paper is organized as follows. In Sec. II we give detailed introduction of our scheme to construct atomic orbitals. We test the obtained orbitals by calculating the structural and electronic properties of wide variety of systems in Sec. III, including III-V and group IV semiconductors, and GaN, ZnO, Al, Pb and MgO etc. We summarize in Sec. IV.
II. METHODS
One of the most popular ways to generate the atomic orbitals is to use atomic orbitals of isolated atoms in certain confinement potentials. This procedure usually gives the minima basis of the atom. To make the basis more complete, one has to use multi-zeta orbitals and polar orbitals. The multi-zeta orbitals can be obtained via a split-valence method, 7 whereas the polar orbitals are generated by applying constant electric fields. 7 Obviously, the orbitals are constructed in very different procedures. The quality of the orbitals are uncontrolled, even though they are usually good. When larger basis sets are needed for high quality calculations, the procedures to get the orbitals are tedious.
We use a very different strategy to construct fully optimized atomic orbitals that are highly transferable. The strategy is based on minimizing the spillage of the wave functions between the atomic orbital calculations and the plane wave results. The spillage is a measurement of the difference between the Hilbert space spanned by a set of local basis and the space spanned by the "exact" wave functions of the interested states of given systems.
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The spillage is defined as,
where Ψ n is the plane wave calculated eigenstate and N n is the number of states of interest.
P is a projector which spanned by all the atomic orbitals, i.e.,
where φ µ = φ µ (r − r µ ) is the µ-th local orbital. S µν is the overlap matrix between orbitals φ µ and φ ν , i.e.,
where µ = {α, i, ζ, l, m}, in which α is the element type, i is the index of atom of each element type, ζ is the multiplicity of the radial functions for the angular momentum l, and m is the magnetic quantum number.
The spillage has been applied to analysize the quality of given atomic basis sets. [11] [12] [13] [14] There are also some attempts to choose optimized local basis for a given system by minimizing the spillage value. [11] [12] [13] In these methods, it usually starts from certain pre-assumed orbital shapes with few free parameters. The spillage is then used to determine these parameters.
In Ref. 12, the authors used the spillage to choose the best Slater-type orbitals or the pseudo atomic orbitals for a given system. However, the transferability of the atomic orbitals are not taken into consideration. Using similar idea, Kenny et al. took one step further and generated multi-ζ and polar orbitals.
13
Here we propose a new scheme based on the spillage formulism to generate high quality atomic orbitals that are systematically improvable. Our method improves upon that of previous methods in three aspects: (i) The shape of atomic orbitals can be generated automatically without any pre-assumptions.
(ii) The atomic basis can be systematically improved within the same framework. (iii)The transferability of the atomic bases is improved by carefully choosing the reference systems.
The radial functions
In our scheme, each atomic orbital is written as a radial function multiplied by a spherical harmonic function. The radial functions are expanded into spherical Bessel functions. The µ-th local orbital is φ µ (r) = f µ,l (r)Y lm (r), where,
j l (qr) is the spherical Bessel function. q is chosen to satisfy j l (qr c )=0, where r c is the cut off radius of the radial functions. The atomic orbitals are therefore strictly zero beyond r c .
Y lm (r) is the spherical harmonic function, in which l is the angular momentum, m is the magnetic quantum number. The coefficients c µq are chosen to minimize the spillage of the reference systems via a simulated annealing method. Since the first-principles total energy calculation can be done once for all for the reference system, the method is very efficient.
We use the same energy cutoff of plane wave calculation for the spherical Bessel functions.
For pseudopotentials calculations, 15 ∼ 30 spherical Bessel functions are usually good enough to obtain reliable atomic orbitals.
In order to make the kinetic energy integral well defined, one needs to make the second derivative of the atomic orbitals continuous. This can be done by multiplying the radial part of the atomic orbitals by a smooth function,
In our test, we find σ has little influence on the final results, we thus fix σ=0.1.
In our scheme, we do not have to assume the shape of the atomic orbitals, therefore in principle we can get the fully optimized radial functions.
Reference systems
One first needs to generate the atomic basis sets for some reference systems, then use it to more general cases, assuming the atomic basis sets are transferable. A good reference system is therefore crucial for generating high quality transferable basis set. Here, we choose dimer systems as reference systems. The spillage of the system is defined to be the average spillage values of the few selected dimers. 2 We choose several dimers at different bonding lengths, covering the whole dissociate curve of the dimer. If only one dimer is used as the reference, it will leave a finger print into the atomic orbitals, therefore worsen their transferability.
We find 4 or 5 dimers are enough to generate reliable local orbitals. Further increasing the number of dimers to the reference system as many as 20 does not significantly improve the results. As it will be shown in the paper, the atomic basis generated from the dimer systems can be used to calculate different bulk systems with high accuracy, showing remarkable transferability. This is very important for studying complex material system, which may have complex chemical environment in a single system, including defects, surfaces, alloy etc.
Systematically generate atomic orbitals
The quality of the numerical orbital basis set can be systematically improved by increasing the number of radial functions (multi-zeta orbitals) of given angular momentum and by including orbitals with higher angular momentum (polar orbitals). There are several ways in the literature to construct multi-zeta orbitals and polar orbitals. However, there is still no systematically way to generate multi-zeta orbitals and polar orbitals, in which all orbitals are treated in a unbiased way. 4 In contrast, in our scheme all orbitals can be generated with the same procedures. To do so, we first generate the orbitals with given angular momentum, which we can call level 1 orbitals. The higher level orbitals can be generated using the same procedure, by minimize the spillage of the remaining Hilbert space, which orthogonal to the space spanned by the all previously generated atomic orbitals. Taken Si DZP (i.e., double ζ functions plus one polar orbitals basis as an example. In the first step, we generate the first s and p orbitals, which form a minimal basis set for Si. In the second step, we generate the second s and p orbitals (multi-zeta orbitals). We first orthogonalize the wave functions of the reference states to the atomic orbitals generated in step 1. Here we define the projector operator formed by level 1 orbitals as,
where φ
µ is the µ-th orbital of level 1 orbitals. The remaining wave functions are,
where |Ψ (2) n is the new set of wave functions, which is orthogonal to the atomic orbitals generated at step 1, i.e.,P
We then minimize the spillage between the second s, p orbitals and the space spanned by
n . In step 3, we generate the d orbitals following exactly the same procedures. The order of the orbitlas added into the basis can be determined by choosing the orbitals that decrease the spillage most after the orbitals have been added to the basis. In such way, we can systemtically generate orbitals of any multiplicity and angular momentum in a unified scheme. This is important if high accuracy calculations are needed.
Optimize the shape
To give an idea of how the obtained radial functions look like using the above scheme, we show the radial functions of the first 3 s, p, d atomic orbitals in Fig. 1 (a) , (b), (c) respectively for the carbon atom. The orbitals are obtained by taking five carbon dimers of different bond lengths as reference systems. The bond length of the dimmers are chosen to be 1.00, 1.25, 1.50, 2.00, 2.50Å. The energy cutoff of plane wave basis calculations is set to 100 Ry. The radius cutoff r c is chosen to be 6 a.u.. As we can see, the radial functions of these atomic orbitals have many oscillations. These oscillations are unphysical and may lower the transferability of the atomic basis set. To get rid of the alloying oscillations of the orbitals, at each step after we obtain the orbitals which minimize the spillage, we add a procedure to optimize the shape of the radial functions as follows. We define the "kinetic energy" of an atomic orbital as,
where q satisfy j l (qr c )=0. c µq are the coefficients of the spherical Bessel functions that normalize the atomic orbitals, i.e., φ µ |φ µ =1. κ is a penalty function that
where S 0 is the minimal spillage value for the given orbital set, and S is the current spillage value for the given coefficients c µq . We found ∆=0.002 ∼ 0.005 can be sufficient to smooth out the atomic orbitals. The "kinetic energies" of the atomic orbitals are also minimized via a simulated annealing method. After the shape optimization, the final spillage values will be slightly larger than the minimal ones, and have little influence on the accuracy of these basis sets.
The shape optimized orbitals are plotted in Fig.1 (d) , (e), (f), for the s, p, d orbitals respectively, compared to those of unoptimized orbitals. As we see the alloying oscillations in the original orbitals have been gotten rid of, and the shapes of the optimized orbitals are much smoother than the origin ones, which implies a better transferability. We calculate the total energies of the reference dimmers using the optimized orbitals and find that they offer the same accuracy for the selected dimers as the origin ones.
III. RESULTS AND DISCUSSION
In this section, we do intensive tests on the accuracy and transferability of the atomic orbital basis sets generated using the the scheme given in Sec. II for wide variety of materials, including covalent, ionic, metallic systems. The lattice constants, bulk modulus, band structures calculated from the atomic basis are compared to those calculated from plane wave basis. Especially, GaN, ZnO and Al are known to have several stable structures that are energetically very close to each other, which provide very good tests on the quality of the atomic basis sets.
All the calculations were done using density functional methods 15, 16 (DFT) with local density approximation(LDA) in Perdew-Zunger form. 17 Norm conserving pseudopotentials 18 are used in fully separate form. 19 Periodic boundary condition is used for solids systems, and the integration over Brillouin zone is replaced by sum up Monkhorst-Pack k points.
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A. Cutoff radii of orbitals
The range of radial function r c is one of the most important parameters of the atomic orbitals. Usually larger r c leads to more accurate results, but at the same time demands more computational time and memory. One needs to choose proper r c that balance the two factors. For 3D solid, the number of neighboring atoms increases very fast as r 3 c , one has to use modest r c , whereas for 2D and 1D systems, r c can be relatively larger. It is also important to balance the errors of different elements in the system. 21 As one shall see below, it is straightforward to use the spillage value as a criterion to choose a proper r c for each element. Using the silicon diamond structure as an example. The energy cutoff is chosen to be 50 Ry and the k points are chosen to be 6×6×6, which are enough to converge the total energies. In Fig.2 the blue curve is the total energy difference between the Si DZP basis and the plane wave calculations, whereas the red curve is the spillage, as a function of r c . As we see that both the spillage value and the total energy decrease monotonically as r c increases and are almost on top of each other. When r c =6 a.u., the energy difference can be reduced to about 1.5 eV per unit cell, and decreases rapidly to about 0.25 eV per unit cell at r c =8 a.u.. The spillage values for these two r c are about 9×10 −3 and 2×10 −3 , respectively. Tests on other elements show similar results, which clearly demonstrate that the spillage is an excellent criterion for the quality of the atomic basis set.
In order to further show how r c affects the spillage, we show in Fig.3 (a proper basis set size for a given r c .
B. III-V and group IV semiconductors
Semiconductors are a class of important materials. Here we test our atomic bases for III-V and group IV semiconductors. The energy cutoff is chosen to be 50 Ry and the k points are chosen as 6×6×6, unless otherwise noticed. The results are summarized in Table   I . The r c of Ga, In, Al, As, P, Sb, Ge elements are chosen to be 9 a.u. whereas r c of silicon and carbon is chosen to be 8 a.u. and 6 a.u., respectively. We use plane wave basis results as benchmark, also listed in TableI GaN has two stable crystal structures, namely, the zinc blende structure (B3) and the wurtzite structure (B4). The energy difference between the two structures is very small.
The B3 structure has only one structure parameter, i.e., the lattice constant, whereas the B4 structure can be described by three parameters: the lattice constants a, c and the internal parameter u, which describes the relative position of the two hexagonal close-packed sublattices. The purpose of the test is to see if the atomic basis set can predict correctly the energy difference between the two structures. The energy cutoff is chosen 120 Ry and the k points is chosen to be 6×6×6 for B3 and 6×6×4 for B4. The calculated total energies as functions of volume per atom are shown in Fig. 6 , compared to those calculated from plane wave basis. The plane wave calculations indicate that wurtzite structure is more stable than zinc blende structure, which is also predicted correctly from both DZP and TZDP basis sets. We can also see that the total energies are systematically improved from DZP to TZDP. More properties including structure parameters (a, c and u), bulk modulus and the total energies difference between the two structures are shown in Table II . We can see that DZP basis already give very good structure parameters and bulk modulus compared with those calculated from plane wave basis for both B3 and B4 structures. TZDP basis further improves all properties. It gives much better bulk modulus than DZP basis, which reduce the difference from about 10 GPa to less than 1 GPa. The total energy difference between zinc blende structure and the wurtzite structure from plane wave calculations is about 6 meV. Although the energy difference is very small, both DZP and TZDP basis give rather good value, which are 4 meV and 7 meV, respectively. This proves that for GaN, local basis can provide accurate results as good as plane wave basis.
Let us see how the scheme work for systems containing 3d electrons. Zinc is a transitionmetal element, which contains 3d electrons. We calculate four structures of ZnO, including rock salt structure (B1), cesium chloride structure (B2), zinc blende structure (B3) and wurtzite structure (B4). The energy cutoff is chosen as 120 Ry, and we use 6×6×6 k-meshes for B1, B2 and B3 structures and 6×6×4 k-meshes for B4 structure. We define 2s2p1d for O and 2s1p2d for Zn as DZP basis, whereas 3s3p2d for O and 3s2p3d for Zn, as TZDP basis.
The r cut is 8 a.u. for O and 8 a.u. for Zn. We plot total energies vs volume per atom for these four ZnO structures in Fig. 7 (b) using DZP basis, compared with the results calculated from plane wave basis shown in Fig. 7(a) . Both bases give correct energy order for the four structures compared to experiments. 22 As we see the energy diagrams calculated from DZP basis look almost the same as those calculated from plane wave basis, except that all the total energies calculated from DZP basis shift up for about 0.185 eV per atom relative to the plane wave results. The calculations shows that the structures with decreasing energy order is B2, B1, B3 and B4, and ground state structure of ZnO is the wurtzite structure. modulus for all structures. The energy difference between wurtzite phase and zinc blende phase is also calculated accurately using different basis. The energy of structure B4 is 9 meV per atom lower than that of the structure B3 as calculated by plane wave basis. DZP and TZDP give exact the same results. We also show the lattice constant and bulk modulus calculated by Gaussian basis. 22 We see that the errors due to pseudopotentials and other approximations are bigger than the errors caused by the atomic bases.
Aluminum is a metal system. It is not obvious that atom-centered atomic basis can describe it well. We test four structures of Aluminum, including the simple cubic (sc) structure, the face-centered cubic (fcc) structure, the body-centered cubic (bcc) structure and the hexagonal-closed packed (hcp) structure. The energy cutoff is fixed at 70 Ry, and the k points are chosen as 6×6×6. Gaussian smearing is used in all calculations. We use DZP (2s2p1d) orbitals for Aluminum with r c =9 a.u. Figure 8 As we see, the atomic basis provide excellent agreement with the plane wave result for all structures. The fcc structure is the lowest-energy structure of Aluminum predicted by both bases. We summarize calculated properties, including lattice constant, bulk modulus and energy difference between different structures of Aluminum in table IV. Surprisingly, we find that DZP basis can provide extremely good results compared to plane wave calculations. 13 .
For example, in our calculation, the largest difference of calculated lattice constant is 0.011 A in bcc structure, whereas the largest difference of bulk modulus is 1 GPa. The DZP basis can also give excellent energy differences between different structures of Aluminum. These results are much better than previous calculations, also using DZP basis. 13 For example, in Ref. 13 , the lattice constants errors for fcc, hcp(a/c) bcc and sc are 0.044Å 0.054/0.040Å 0.037Å 0.013Å respectively. The bulk modulus errors for fcc, hcp, bcc and sc is 4.9 GPa, 8.5GPa. 5.2 GPa and 2.9 GPa, respectively, which are much larger than those obtained using our bases.
We also test the quality of our atomic bases for some other materials, such as MgO, Pb, etc. The results are summarized in 10 We find our basis give much better bulk modulus for Pb than previous calculations.
IV. SUMMARY
We propose a unique scheme to construct fully optimized atomic basis sets for density- Radius (a.u.) 
